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Conformal Ricci and conformal matter collineations for the combination of two perfect fluids in General 
Relativity are investigated. We study the existence of timelike and spacelike conformal Ricci and matter 
collineations by introducing the kinematical and dynamical properties of such fluids and using the Einstein 
field equations. Some recent studies on conformal collineations are extended and new results are found. It 
is worth mentioning that we recover all the previous results a special cases. 
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1 Introduction 



The Einstein field equations (EFEs), whose fundamental constituent is the spacetime metric gab, are highly non- 
linear partial differential equations, and therefore it is very difhcult to obtain their exact solutions. Symmetries 
, of the geometrical/physical relevant quantities of the General Relativity (GR) theory are known as collineations. 

'sj" ' In general, these can be represented as £(^A — B, where A and B are the geometric/physical objects, ^ is the 

, vector field generating the symmetry, and £^ signifies the Lie derivative operator along the vector field ^. 

' A one-parameter group of conformal motions generated by a conformal Killing vector (CKV) ^ is defined as 

on: m 

^ ' £igab = "i^pgab, (1) 



where £ is the Lie derivative operator, tp — il]{x°') is a conformal factor. If ip-^ab 7^ 0, the CKV is said to be 
proper. Otherwise, ^ reduces to the special conformal Killing vector (SCKV) if ip-^ab — 0, but i/'.a 7^ 0. Other 
5— i ' subcases are a homothetic vector (HV) if ip^a — and a Killing vector (KV) if i/; = 0. 

Duggal introduced a new symmetry called a Ricci inheritance coUineation defined by [2] 

£^Rab — OiRab, (2) 

where a = a{x°') is a scalar function. We shall use the term conformal Ricci coUineation (CRC) onward which 
reduces to Ricci coUineation (RC) for a = 0. Similarly, we can define a matter inheritance coUineation or 
conformal matter coUineation (CMC) by 

£i,Tab = aTab, (3) 

where Tab is the energy-momentum tensor, and this becomes a matter coUineation (MC) when a = 0. The 
function a is called the inheriting or the conformal factor. 

Recently, there has been a keen interest in the study of the CKVs and afhne conformal vectors (ACVs) in 
a class of fiuid spacetimes. Herrera et al. [3] investigated CKVs with anisotropic fluids. Duggal and Sharma [3] 
extended this work to the more general case of special ACV. Mason and Maartens [5j studied the kinematics and 
dynamics of conformal collineations with the general class of anisotropic fluids and no energy flux. Duggal [2l [6] 
discussed curvature inheritance symmetry and timelike CRCs in a perfect fluid spacetime. Yavuz and Yilmaz 
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et al. [71 [5] considered inheriting conformal and SCKVs and worked on the curvature inheritance symmetry 
in string cosmology. Yilmaz [5] also considered timelike and spacelike collineations in a string cloud. Baysal 
et al. [TUj worked on spacelike CRCs in models of a string cloud and string fluid stress tensor. Mason and 
Tsamparlis [11] investigated spacelike CKVs in a spacelike congruence. Sariddakis and Tsamparlis \l2i studied 
the applications for spacelike CKVs and matter described either by a perfect fluid or by an anisotropic fluid. 
Tsamparlis [T^ has discussed the general symmetries of string fluid spacetimc. Sharif and Umber [T3] have 
investigated timelike and spacelike CMCs for specific forms of the energy-momentum tensor. In a very recent 
paper, Sharif and Naghmana [TS] have explored the spacetimes admitting CRCs and CMCs in anisotropic fluids. 

In this paper, we consider timelike and spacelike vectors with CRCs and CMCs for the two perfect fluids. 
We shall discuss the conditions imposed in each case. The layout of the paper is the following. In Section 2 we 
review the 1 + 1 + 2 decomposition and consider the decomposition of the quantities which will be used in later 
sections. Section 3 contains the study of the energy-momentum tensor for the two perfect fluids. We study 
collineations of the form = = ^v"", = and = where u", are the four velocities of 

the two perfect fluids and x", y° are unit vectors in the direction of the two perfect fluids. We do not assume 
that the cosmological constant vanishes. In Section 4, we investigate the kinematic conditions for timelike and 
spacelike CRCs and CMCs. Section 5 is devoted to deriving the necessary and sufficient conditions for the two 
perfect fluid spacetimes which admits CRCs. In Section 6, we derive the necessary and sufficient conditions for 
the two perfect fluid spacetimes admitting CMCs. Finally, Section 7 contains a summary and discussion of the 
results. 



2 Notations and Some General Results 

We consider the timelike vectors u'^, v°- and spacelike vectors x°' , corresponding to the combination of two 
perfect fluids satisfying the following relations: 

U Ua = -l = V Va, X Xa = I = V Va, 
U°-Va 7^ = X°'ya, U^-Xa = = u'^Xa, 

u'^Va = = v^y,. (4) 

The projection tensors corresponding to the vectors and are defined as follows: 

hlab ^ gab + UaUb, h2ab ^ Qab + VaVb (5) 

which project normal to it", and produce the well-known 1 + 3 decomposition of the tensor algebra along 
u", respectively. The two well-known examples of the 1 + 3 decomposition [16] are 

Ua-b = O'lab + ^iQb + -^Ohiab ~ UaUb, (6) 

Va;b = Cr2ab + ^^2ab + g^/l2ab - VaVb, (7) 
Tab = fJ-lUaUb + ^J.2VaVb + Fihiab + ^2^206 

+2gi(QUh) + TTlab + 2g2(a«fc) + ■^2ab- (8) 

In this paper we shall use the following notation: 

For the fluid 1, when iia — Ua-.bU^, the notation Ua-i, means derivative w.r.t. x but for iia — Ua-.bU^, Ua-i, denotes 
derivative w.r.t. y. Similarly, for the fluid 2, when we use Va = Va-fiv'^ , the symbol Va-b indicates derivative 
w.r.t. y and for Va = Va-bv'^, Va-b means derivative w.r.t. x. 

The two pair of vectors u", and v"", y° deflne projection operators as 

Hlab = hiab - XaXb, i?2afc = ^2a6 - yaVb (9) 

which are normal to both u", a;° and v"", y". These projection operators satisfy the following properties 

HlabU"" = = HiabX"^, Hiabh\^ = Hiac, 
= 2 = H^^ , H2abV^^0^ H^aby"" , 
H2abh2c = H2ac- (10) 



2 



The vectors Xa-b and ya-b can be decomposed using the same procedure as given in [T7]. This gives the following 

Xa:b = Alab + X^Xb - XaUb 

+ Ua[x^Uf.b + {x^Uf)ub - {x^U*f)xb], (11) 
Va-b = Mab + y*aVb " VaVb 

+Va[y^Vf.b + {y^Vf)vb - {y^Vf)yb], (12) 



where 



Alab — Slab + Rlab + -^SlHiab, 

A2ab = S2ab + R2ab + 2^2^^2a6, (13) 



and s* — s ax"^ . The notations x-b and y-b in Eqs. (jlip and (|12p mean derivative w.r.t x and y respectively. 



We note that Siab = S'l&a and S"^ = is the traceless part (shear tensor). Also, Riab — ~Riba is antisymmetric 



part (rotation tensor) and ei, £2 are the traces (expansion). The following relations can be found [T7] 

Slab = HlaHfiyX^c-ii) - -EiHiab, (14) 
Rlab = HfaHtb^lc:d]^ £1 = i/f Xa;b, (15) 
S2ab = H2aH2by(c-d) - 2^2-^206, (16) 

R2ab ^ HlaH^,y[c,dh e2 = Hfya;b. (17) 
The bracket terms of m° and in Eqs. pT|) and (fT^ can be written as 

~Nu + 2wifbxf' + H(^,Xf, 

-N2b + 2w2 fbx^' + Hl^y-f, (18) 

where Nib, ^2b are given by 

Nu = H^.iXa - Ua*), N2b = H^biVa ~ ^a*)- (19) 

They are called Greenberg vectors [18]. This vector vanishes if and only if the vector fields w", x°- , 
are surface forming, i.e., if and only if £^x'^ = Au'^ + Bx"" . From the kinematic point of view, the vector Nia 
vanishes if and only if the vector field x"" is frozen along the observer. 
Substituting Eq. HH]) in Eqs. ^ and it follows that 

Xa;b = Aiab + X* aXb ~ XaUb + H^i^XcUa + {2witcX* - Nic)Ua, (20) 
ya;b = A2ab + ylyb - yaUb + H^bilcVa + {2w2tcy^ - N2c)Va- (21) 

Notice that £^ means Lie derivative with respect to the vector field ^, otherwise ^ is used as a scalar. 

3 The Two Perfect Fluids 

The energy-momentum tensor for a non-interacting combination of two (non-zero) perfect fluids is |19j 

Tab = {Pl + Pl)UaUb + [p2 + P2)VaVb + {Pl + P2)9ab, (22) 

where pi, p2 are pressures, pi, p2 are densities, it", w° are the four- velocities {u°'Ua = — 1 = w"wa, u'^Va ^ 0) 
and are unit spacelike vectors normal to the four velocities {u°-Xa ~ v'^Xa = = u'^ya — v°-ya)- The 

energy-momentum tensor of the two fluids can also be written as 

Tab = PlUaUb + P2VaVb + Plhiab + P2^2a6- (23) 



3 



Comparing Eqs. ([5]) and we obtain 

g^'^O, 9^ = 0, TTiafc^O, 7r2afc = 0. (24) 

This implies that the two perfect fluids is an anisotropic fluid for which heat flux and traceless anisotropic stress 
tensor are zero. The EFEs can be written as 

Rab = Tab + (A - ^T)gab, (25) 

where A is the cosmological constant. For the two perfect fluids, it takes the form 

Rab = [pi + Pl)UaUb + {p2 + P2)VaVb + ^ (Pl + P2 " Pi " P2 + '2A)gab- (26) 

The 1 + 3 decomposition of Rab takes the form 

Rab = ^ (Pl + 3pi - A)UaUb + i (p2 + 5P2 " A)VaVb + ^ (pi ^ Pi + A)hiab 

+ ^(P2 -J32 + A)/l2afc. (27) 

This gives the field equations in terms of the combination of two perfect fiuid variables. Using Eq. (|27p . we find 
£(,Rab terms of the two perfect fluids. 

^£Rab = [^(Pi - P2 + 3pi +P2) + (pi - P2 + 3pi +P2- 2A)(ln^)]Wa-Ub + [(pi 

-P2 + 3pi +P2 - 2A)(Uc - (ln^),c)]w(a/lif,) + {^(Pl + P2 -Pl ~P2)hlcd + {pi 

1 • f 

+P2 -P1-P2+ 2A)(CTicd + ^Oihicd))}h1^h% + (p2 +P2)VaVb + 2(p2 +P2)(u/W(a";h) 

+V{aVb) + u''v^V(^a{^n^)^b))- (28) 

Similarly, the Lie derivative of the Ricci tensor along the spacelike vector = ^a:;" can be written in terms of 
the 1 + 1 + 2 dynamic quantities. 

^£Rab = [^(Pl - P2 + 3pi +P2)* + (Pl - P2 + 3pi +P2~ 2A)u^Xf]UaUb + 2[^(pi + P2 

f 1 -1 

-Pl -P2+ 2k)u)x' - -(pi + P2 - Pl - P2 + 2A){lll £,)]u^aXb) - '^i'^'^Pl + P2 - Pl - P2 

+2A)Nid + (pi - P2 + 3pi +P2- 2A)ujicdx'']u(aH^^^ + [^{pi + pa + Pi - P2)* + (pi + P2 
-Pi -P2 - 2A) X {\n£,)*]xaXb + 2[^(pi + P2 -pi -P2) x HicdX*" + ^(pi + P2 -pi -P2 
-2A) X H/^(lne)./]x(,i/i% + [i[(pi +P2 - Pl -P2)*i^lcd + (pi +P2 - Pl - P2 + 2A) 

y-{Slcd + ^^exHi^dWlaHtb + (P2 +P2)* X VaVb + 2(p2 + P2) ["("a^'b) + ^'/'^(alfb)] ■ (29) 

Expressions (|28p and ([29| are general and hold for all coUineations and any two perfect fluids. Similarly, we 
can write expressions for the second timelike and spacelike vectors. 

The conservation equations for the two perfect fluids are (there arise the following two cases) 
Case (i): 

Pl + (Pl + Pl)^l - (P2 + P2)u'^Va - P2 - (P2 + P2)UaV'^ - (p2 + P2)UaV'^Ti = 0, (30) 
(pi +Pl)u'= + (P2 +P2)(l''' + U°-VaUc) + (p2 + P2)iv'' + V^UfU" + UaV^TiUc) 

+ (P2 + P2)r2«" + hl^'ipi +P2).J - 0. (31) 
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Project the second equation along x'^ and with H1^, we get the two equations 

Pi +P2 + (Pi +Pi)xfu^ + {p2 +P2) X xfv^ — 0, (32) 

HiAiPl +Pl)Uc + {{p2 +P2)Vc + {P2+P2)t2)Vc + {p2 + P2)Vc + K^{pi +P2);a] = 0. (33) 

Case (ii): 

h + {p2 +P2)d2 - (Pl +Pl)v"'Ua - [pi +Pl)UaV'' - {fil +pi)UaV°-T2 - pi = 0, (34) 
{P2 +P2W + iPl +Pl){u'' + u''VaVc) + {pi +Pi)iu'' + U-f'vfV'' +UaV''T2Vc) 

+ {pi + piyiu"" + h"/ {pi +P2)-j = 0. (35) 
Project the second equation along y'^ and with iJf^i the equations are 

P1+P2 + iP2 + P2)yfV^ + (pi + Pi)yfV^ = 0, (36) 

^lc[(P2 + P2)Vc + ((Pl + Pl)Uc + (pi + Pl)Uc + (Pl + Pi)ti)Uc + (pi + Pl)Uc + KciPl + P2);a\ = 0. (37) 

4 Kinematic Conditions for the Two Perfect Fluids 

Kinematics and dynamics in GR are clearly defined by considering the kinematical and dynamical variables, and 
the identities and the constraints they have to satisfy. Symmetries are an important form of constraints which 
restrict a physical system. These restrictions are expressed as relations among the parameters specifying the state 
of the system. Collineations restrict the system by the two levels, i.e., at the kinematical level (relations among 
the kinematic and the geometric variables only) and at the dynamical level (relations among the kinematic and 
the dynamical variables). Here we use kinematic restrictions coming from a general collineation, in particular, 
from a CRC. Since collineations are defined in terms of the Lie derivative of the metric tensor gab and its 
derivatives, all types of collineations can be expressed by the quantity £(_gab- We define the decomposition as 

m 

£^gab = 24,gab + 2F,b, (38) 

where ij}{x°') is a function (the conformal factor) and Pabix"') is a symmetric traceless tensor. This implies that 
every collineation can be expressed in terms of i){x°'), Pabix"") and their derivatives. For Pab ~ 0, this gives 
a CKV; ■0;a = = Pab;c yiclds an afRne collineation, etc. The kinematic conditions of a general collineation 
are relations among the kinematic quantities (shear, rotation, expansion) of the vector field involved and the 
parameters ip{x'^), Pabix"")- 

4.1 Timelike Collineation 

There arise the following two cases: 

(i) e = eu^ (ii) e = ^v-, (e^o). 

Case (i): For this case, Eq. ([38]) can be written in the form 

L-b + 6;a = 2ijgab + 2Pab, (39) 

where 

^ = |[(lnO + 0i], (40) 

Pab = S.[criab + ^dlhlab " U{aUb) + (lnO,(aU6) " ^{(In^) + ^ijffafc]- (41) 

We 1 + 3 decompose Pab w.r.t. the timelike vector in the following 

Pab - - Hl^OWub - CK - htiln^^d] X K^^Ub) + ^^[^1 - 3(lnO]/iia6 + C^^lab- (42) 
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If we take 

/iiP = |[^i-3(lne)], (43) 

^ip = ^e[^i-3(lne)], (44) 
TiP=eK-ft^,(ln0.d], (45) 

Mp,^, = CTiab (46) 

then Eq. (|42)) can take the following form 

Pab = tJ^lpUaUb + Liphiab - 2T ip^^Ub) + ^Mip^^. (47) 

We express these equations as conditions among the kinematic variables of the timelike congruence which 
gives a system of equations called the kinematic conditions of the coUineations. 

Case (ii): In this case, we 1 + 3 decompose the traceless tensor Pab w.r.t. the timclike vector w". Using the 
same procedure as above, it follows that 

Pab = fJ.2PVaVb + L2ph2ab - 2T2P(„Wfc) + £,M2P^^, (48) 

where 

M2P = |[e2-3(lnO], (49) 

i2P = ^e[^2-3(lnO], (50) 

T2P = ^[iJc-hi,{\nOA, (51) 

MPi„, - (T2a6. (52) 

The kinematic conditions for a CRC involve the second derivatives of the quantities -0, Pab- We evaluate these 
conditions by taking a general vector field with the identities 

££,Rab = {£i^ab)\c ~ {££yac);b, (53) 
£l,nc - \9'"'{{£i9M);c + {£l,9cd\b - {£i9bc);d}. (54) 

Using Eqs. p8)) . ((53| . ((54| . the following general result for any vector ^° can be verified. 
Proposition 1: A fluid spacetime u° admits a CRC if and only if 

J(P;f,-ai?), (55) 
txPab = 2is:„fc - 2Aah - 2aZ„fc, (56) 

where i? is the Ricci scalar and 

Kab = P(a,b)c - \9abP% ^afc = V';ab " JsafeAl/', 

Zab = Rab — -^9abR, (57) 

which is a geometric result. The kinematic conditions can be obtained by replacing ■(/;, Pab from Eqs. (|40p . (|4ip 
in terms of the kinematic variables. The resulting expressions will become very tedious and hence will not be 
given here. These are the constraints satisfied by any solution. 



6 



4.2 Spacelike Collineation 

The kinematic restrictions in this case involve all the nine quantities, i.e., 

Clab, LOlab, Ql, Ua, Slab, Rlab, El, ia, W*, 
f2a6, ^2ab-, 6*2, Va, S2ab, R2ab, £2, Va, , 

plus the parameters Pab and their derivatives. Again we have two cases according to 

(i) e = ^^^, (ii) e^^y"- 

Case (i): We make the 1 + 1 + 2 decomposition of Pab by considering Eq. (|38p and contract with 

u'^u'', u^x^, x^x^, H'^^u", Hiab, 



Tja Tjb ^ zjcib TT 



it turns out that 



■0 = |[£i + (InC)* - x^Uc 



AiP = PabU^u'' = + (InC)* + 3x-u,], 
2Kip = ~2Pabu''x'' = -e[(lne) + 
7iP = ^'aba^^a;^ = ^ 3(lne)* - x^u,], 

25iPc = -2PabH\X = -^[TVic - 2u;itcx*], 
2f?ip, = 2PabHl^u'' = eiffc[(lnO,6 + Xb*], 

aiP - Pafci^f - - (InO* + -^^Wc], 

^IPab = ^Siab = [Hi^Hld ~ -j^Hf'Hicd)Pab- 



Thus the 1 + 1 + 2 decomposition of Pab is given by 
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-Pah = XlpUaUb + 2KipU(aXb) + '2Sip(^aUb) + llpXaXb + 2gip^^Xb) + -ttipHiab + -DlP„6 ■ 

The property = implies that 

flip — Aip + 7ip = 0. 

Case (ii): The 1 + 1 + 2 decomposition in this case can be obtained by contracting Eq. ([38|) with 

v'^v", v^y", y^y\ H^v^ H^y , 

Tja Tjb ^ Ljab tt 
^2c^2d - 2^2 tl2cd- 



It follows that 



V' = |[e2 + (ln0*-y^«c], 



^2P 



2K2p = 2PabV^y' - e[(lne) + y'*v. 



72P = Paby'^y' = -|[e2 - 3(lne)* - y^v,], 

2S2pc = -2PabH!^y = ~m2c - '2w2tcV% 

2e2Pc = 2PabHlv'' = e^f2c[(lnO,6 + yfcl, 
a2p = PabHf - I [£2 - (Ine)* + y^z^c], 

-D2P„6 = £,S2ab = {H2cH2d ^ 2^2" H2cd)Pab- 



The 1 + 1 + 2 decomposition of Pab turns out to be 

Pab = >^2PVaVb + 2K2pV(^ayb} + '2'S2p(aVb) + l2Pyayb + 2Qp^^^yi,) + ^a2pHab + £'2P„b • (76) 

From P^ = 0, we have 

a2P - ^2P + 72P = 0. (77) 

5 Conformal Ricci Collineations for the Two Perfect Fluids 

In this section we shall discuss the existence of timelike and spacelike CRCs for the two perfect fluids. 
5.1 Timelike Conformal Ricci Collineations 

We shall give the necessary and sufficient conditions for the timelike CRCs of the two perfect fluids for the 

following two cases: 

(i) ^'^ = (ii) ^« = ^v''. 

From Eq. (|26p . we have the 1 + 3 decomposition of the Ricci tensor and hence CRC gives the condition 

£^Rab = a[^(Pl + 3pi - A)UaUb + ^{p2 + 5P2 - A)VaVb + ^{pi - Pi + A)hiab 

+ ^{p2 - P2 + A)h2ab], (78) 

and the corresponding 1 + 3 expression of £^Rab is given in Eq. (f28|) . Equating these two expressions and after 
some calculation we find the following results. 

Proposition 2: A two perfect fluid spacetime admits a CRC = ^u" if and only if 

Pl=P2 + [P2 + P2){v°'Ua + UaW°T2) - [pi + Pl)6li + (ps + P2)Uaf °, (79) 

12 1 

Pi = -^h - gP2 + {P2 + P2){v°'Ua + VaU°-T2) + (/52 + P2)u'^Va + 3 (2P2 - Pi - 5pi 

2-4 

-2p2 + 4A)6li + -ip2 + P2)u''Vau''vb + -(p2 +P2) X {VaU'^Vbu'' + U^^a (In C) 

+u"'yau''Wfc(lnO + I'aU" + Vail^Vbu'') - ^(3pi + P2 - 3pi - 5p2 + 6A + 2{p2 + P2)VaU''Vbv!'), (80) 

(Pl - /52 + 3pi +P2 - lK)[Ua - (lnC),a - (InC)Wa] + 2(^2 + P2 ) (^i'^'^c^a + u''VcU'''VdUa) 
+ 2(p2 + P2){VcU''Va + 2VcU''vdU'^Ua + VcU^Va + UcW''w''wd (hi C) ,a + 2Mc'f ''w''wd(ln f )Ua 

+u''Wc(lnC)«a + VcU^Vdufa + 2v V du''' U a + Wc"''Wa) = /3(P2 + P2){VcU''Va + VcU'^VdU'^Ua) , (81) 

(/52 - Pi - 3pi - P2 + 2A)[6li - (InC)] + 2(p2 +P2)u"Wc + 2(p2 + P2){v''Ua + WaWV2 

+VaU'' + WaW"(lne)) + 2(P2 + P2 jwa?^"w6«'' + 4(p2 + P2 ) (WaW^Wfeu'' + VaU'^Vbu'' {In (,) + VaW^VfeU^) 

= 2/3(pi - P2 + A + (p2 + P2)WaU"f6M^), (82) 

(P2 +P2){VaVb + 2VcU''ui^aVb) + VcU'^Vdu'^UaUb + ^/llafc " -^hlabVcU'vdu''-) + (pi + P2 " Pi 

-P2 + 2A)o-iafc + 2(p2 +P2)[w(a1'6) + V cU" V (^aUb) + VcU'^Vdu'^UaUb + V{aUb)VcU'' - ^hiabVcU'^VdU'^ 

+VcV(^aU%) + VcU^Vduf^^Uh-j + VcU^V^^aUb) + VcU'^VdU'^UaUb - ^hiabiVcU" + VcU'^VdU'^) 

+u''wcW(Q(lnC),6) + '«''vc(ln^)w(QMf,) + ^'c'«'''yrfu'*U(a(lnC),b) + fcu'''fdu'*(ln^)uaUb 

-g/llafc(WcU''(lnCj + UcU''i'dU'*(lnO)] = /3(P2 +P2)(l'aWfc + 2VcU''u^aVb) + VcU'^Vdu'^UaUb 

+ -^hiab - ■^hiabVcU'vdu'^). (83) 
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If we take a = in the above relations we find the results for a RC. Using 1 + 3 decomposition of the tensor 
Pab, given in Eqs. the above system of equations can be written as follows: 

Pl=P2 + iP2 + P2){v''Ua + UaV''T2) ~ (pi + Pl)9i + {p2 + P2)UaV'' , (84) 

12 - 1 

Pi = - + (P2 +P2)(w°Ua + VaU'^T2) + {p2 + P2)u'^Va + 3(2^2 ~ Pi ^ 5pi - 2p2 



2-4 - 1 

+4A)6li + -{p2 + P2)u''Vau''vb + -{P2+P2) X {VaU'^Vbu'' + uV(lnO + u''Vau''vb{-9i 

-^MIP) + VaU" + Vail'^Vbu'') - |(3pi + p2 - 3pi - 5p2 + 6A + 2{p2 + P2)UaV°'Ubv''), (85) 

|(Pl - P2+ iPl +P2~ 2A)TiPq + 2{p2 +P2) X {u^VcVa + u'^VcU'^VdUa) + 2(p2 + P2) (WcW'^Wa 

+ 2VcU''vdU'^Ua + UcV''u'^Vd{\nC),a + 2UcV''u'^VdUa X (^6*1 - -^Mip) + U^VcVai^Oi - ^Pip) 

+VcU''vdu'^a + 2VcU'^Vdu'^Ua) + VcU^Va + VcU^Va /3(p2 +P2)(fcU''fa + VcU'^Vdu'^Ua) , (86) 

1 2 

^(P2 - Pi- iPl -P2 + 2A)(6li + -pip) + (P2 +P2)lt'=Wc + (P2 +P2)(w°Ua + UaV°-T2 + VaU" 

■J s 

+Wau"( 36'i - 3^Mip)) + (P2 + P2)uaV°-Ubv'' + 2{p2 + p2){vau''vbU^ + -!;au''i;bw''(i6'i - g^Aiip) 

+UaW''wbw'') = /3(pi - P2 + A + (p2 + P2)WaW''Wbw''), (87) 
{P2 +P2){VaVb + 2VcU''u^aVb) + V V du'^ U aUb + -/llafc - ■^hiabVcU'^VdU''-) + {pi + P2 - Pi - P2 
+ 2A)Afip^^ + 2{p2 + P2)[v(aVb) + VcU^Vf^aUb) + VcU'^VdU'^UaUb + V(^aUb)VcU'' ~ ^hiabVcU'^VdU'' 
+VcV{aU':b) + VcU''Vduf(^^Ub) + V V f^a^Ub) + VcU'^VdU'^UaUb - ^hiabiVcU" + VcU'^VdU'^) + u''Wct'(Q (In ,b) 
+u''Wc(^6'l - ^Plp)V{aUb) +VcU''vdU'^U(a{\llC)M) + V V du"^ {^0 1 - ^pip)UaUb - ^hiab{v cU" {In 
+VcU''vdU'^{^Oi - ^PIP))] = P{P2 +P2){VaVb + 2VcU''U(^aVb) + V V dU*^ U aUb + ^ft-lab 

— hxabVcU'^VdU'^)- (88) 

These are the necessary and sufficient conditions for a CRC in the form of kincmatical quantities. 
Proposition 3: A two perfect fluid spacetime admits a CRC = ^u" if and only if 

/02 =Pl + {Pl +Pl){u°'Va+UaV°-Ti) - {p2 +^2)^2 + {pi + Pl^UaV"" , (89) 

12 - 1 

P2 = 3P1 - + (Pl X {v''Ua + VaU^Ti) + {pi + pi)u''Va + -(2pi - P2 

2-4 

-2pi - 5p2 + 4A)6'2 + -{pi + Pl)u''Vau''vb + -{pi + pi){UaV''vbu'' + U^VailuC) 



+ u''Vau''vb{ln^) + UaV" + UaV'^Vbu'') - ^{pi + 3p2 " 5pi - 3p2 + 6A + 2{p2+P2)VaU''vbu''), (90) 

(P2 - PI+PI+ 3p2 - 2A)[Wq - (ln^),a - (InO^'a] + 2(pi + pi){u''VcUa + U%cU'^VdVa) 
+ 2{pi + pi){UcV''Ua + 2UcV''vdU'^Va + VcU^Ua + U u''' V d{\n £,) + 2UcV''u'^Vd{\nS_)Va 

+u''Vc{\llC)Ua + VcU^Udvf^ + 2u V du"^ V a + UcV^Ua) = /3{pi + Pi){VcU''Ua + V V du'^ V a) , (91) 

{Pl -P2~P1- 3p2 + 2A)[02 - (InO] + 2(pi +PljM"Wc + 2(pi +Pi)(w°t;a + UaV^n 
+ UaV'' + VaU^iln^)) + 2{pi + piiuaV" Ubv'' + A[pi + pi){UaV'' Vbv!' + VaU'^Vbv!' [XtlS,] 

+ UaV''VbV^) = 2l3{p2 - Pl + A + (pi + pi)vau''vbv!'), (92) 
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{Pl +Pl){UaUb + 2VcU''u(aVb) + VcU'^Vdu'^VaVb + ^ft.2a6 " ^h2abV cU" V dU*^) + {pi + P2 - Pl ^ P2 
+ 2A)a2ab + 2(pi +Pl)[U{aUb} + UcV''V(^aUb) + ilcV^VdU'^VaVb + ili^aVbjVcU" - ^h2abUcV''VdU'^ 
+UcU(aV':b) + VcU'^UdV'^^^^Vb) + UcV^V^aUb) + UcV'^VdU'^VaVb - \h2ab{UcV'' + UcV'^VdU'^) 

+uV«(Q(lnO,&) + u'=Wc(ln^)i;(aUfc) + WcM'''ydu''t'(Q(ln0.f)) + Wcu'''yrfu''(ln^)ua'yb 

-^/l2afc(WcU''(lnd + WcW''w<iM''(lnO)] = /3(Pl +Pl){UaUb + 2'i;cW''M(„'i;h) + VcU^VdU'^VaVb 

+ ^^2afc - ■^^2abWc1t''UdW''). (93) 

Using the kinematical conditions for the timehke ease, i.e., Eqs. (|15|) ~^ ([5^ in Eqs. we can obtain an 

expression of the above equations in terms of Pab- 

5.2 Spacelike Conformal Ricci Collineations 

In this case we use the 1 + 1 + 2 decomposition of the Ricci tensor given in Eq. ([26|l and the corresponding 
1 + 1 + 2 expression of £^Rab given in Eq. ([29| . Equating these two expressions we find the foUowing results 
corresponding to the following two cases: 

(i) e = C2^", (ii) e = ey". 

Proposition 4: A two perfect fluid spacetime admits CRC = ^x"" if and only if 

2pt -P2 + P2 + {Pi - P2 + 3pi +P2 + 2K)ifxa + i{pi + P2 - Pl - P2 + 2A){ln£_)* 

+ {P2 + P2)*UaV''Ubv'' + 2(p2 + P2)Ku''Vbu'' - XaV'^Vbu'') = /3(2pi + P2 - P2 + 2A) 

+ {p2+P2)UaV''Ubv''), (94) 

{pi +P2-P1-P2 + 2A)[x: + (In^),, - {ln0*xa] = 0, (95) 

(Pl + P2 - Pl -P2 + 2A){2u''Xa + ei) +P*2+ P*2+ 2{p2 +P2)v°'Xa ~ (p2 + P2y UaV"" UbV^ 
-2{p2 + P2)*V*u''Vbu'' + 2{p2 + P2)XaV''u''vb - /9(p2 - 4pi - 3p2 + 4A - (p2 + P2)UaV''Ubv'') , (96) 
(P2 +P2)(Wc"''t^Q + 2vlu''VcU''Ua + l^a^'^'^^c) ^ (P2 + P2){XcV''Va + 2xbv''VcU''Ua + t;6u''XcDfa) 
+ 2(pi - P2 + 3pi +P2 - 2A)uJiafX^ + (pi + P2 -Pl -P2 + 2A)7Via + (p2 + P2)* {u^VcVa 
+u''VcU'^VdUa) = P{p2 +P2){VcU''Va + Vbu'' VcU^Ua) , (97) 
{P2 + P2)* + 2(pi + P2 - Pl - P2 + 2A)(;0* + 2(p2 + P2)XaV'' - {pi + P2 - Pl - P2 + 2A)ei 
-ip2+P2)*VaU''Vbu'' - 2{p2 + P2)v*aU''vbu'' + 2{p2 + P2)VaU%'' Xb = /3(p2 + P2 - (p2 + P2) 
VaU'^Vbu''), (98) 

(P2 +P2)*{VaVb + 2VcU''vi^aUb) + VcU'^VdU'^UaUb + ^-fflab - ^^^lafcf cM^'f d"'*) + 2(pi + P2 " Pl 

-P2 + 2A)S'ia6 + 2(p2 + P2)(^'(*a^'6) + V^U^Vi^aUb) + VcU^V^^Ui,) + vlu" V dU"^ U aUb - HiabV*u''vdU'^ 

-XcVi^aV'Tb) ~ VcU^XdUi^avfb) " 2;c'i'''t'(a'"fc) " XcV'^VdU'^UaUb + ]^Hiab{XcV^ + XcV'^VdU'^) 

= /3(p2 +P2)(WaW6 + 2VcU''V(aUb) + VcU'^VdU'^UaUb + ^-^lafc - ^-fflabWcU'^WdU''), (99) 

Pl + (pi +^1)6*1 - (P2 +P2)(w''Ma +«aW''T2) - (p2 + P2 ) "a"" - P2 = 0, (100) 
Pl + P2 + (Pl + Pl)UcX'' + (P2 + P2)VcX'' = 0, (101) 
^I'aKPl +Pl)^'c + (P2 +P2 + (P2 +P2)t2)«c + (P2 + P2)*c + /l^c (Pl + P2) ;b] = 0. (102) 

We can use the 1 + 1 + 2 decomposition of the tensor Pab given in Eqs. ((58)) " (|65|) to write these equations in 
terms of the irreducible parts of Pab- 
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Proposition 5: A two perfect fluid spacetime admits a CRC C° = Cj/"^ if ^^^d only if 

2P2 -Pi+ Pi + {P2 - P1+P1+ 3p2 + 2K)v''yc + 3(pi + P2 - Pi - P2 + 2K)(ln£)* 

+ {pi + pi)*UaV''ubv'' + 2{pi + pi){uyVbu'' - VaU^VbU^) = /5(pi + 2p2 - Pi + 2A 

+ {pi+Pl)UaV''UkV^), (103) 

(pi + P2 - PI -P2 + 2A)[y: + (lnO,a - (^O*?;^ = 0, (104) 

(Pl + P2 -Pl -P2 + 2K){2v°-ya + £2) +pt + pt + 2(pi +Pi)u°?/q - (p2 + P2)*UaW°W&W^ 

-2(pi +pi)*u>%6u'' + 2(pi + pi)yau''u^Vb = /3(pi - 4p2 - 3pi + 4A - (pi + pi)uav''ubV^), (105) 
(pi +pi)(u*w''wa + 2ulv''vcu''va + K'^'^^c) " (pi + Pi ) (j/cU^'tia + 2ybu''vcu''va + Vbu'ycu':,,) 

+ 2(p2 - Pi +Pl + 3p2 - 2A)uj2afy^ + [Pl + P2 -Pl -P2 + 2K)N2a + [pi + Pi)* {u^VcUa 
+u''VcU'^VdVa) = /3(pi + Pl){VcU''Ua + VbU^ V cU'"' V a) , (106) 

(Pi +pi)* + 2(pi +P2 - Pl -P2 + 2A)(;0* + 2(pi +pi)yaM° - (pi +P2 -Pi -P2 + 2A)e2 

-(Pi + PiTvau'^Vbu'' - 2(pi + pi)ulv°'Vbu'' + 2(pi + pi)vau°-u'yb = /3(pi + Pl - 

(pi+Pi)«,u%fcu''), (107) 

(Pl + Pl)*{UaUb + 2VcU''vi^aUb) + VcU'^VdU'^VaVb + -i?2afc " ■^H2abVcU''VdU'^) + 2(pi + P2 - Pl 
-P2 + 2A)5'2ah + 2(pi +pi)(U(„Mf,) + U*v''V(aUb) + VcU^U^^Vb) + U*v''vdU'^VaVb ~ H2abU*'"''vdU'^ 

-ycii^Vdu'^VaVb - ycUiau'Tb) - Vcu''ydV{au'^b) - VcU^vi^aUb) + ]j^H2ab{Vcu'' + yc'ifvdu'^) = /3(pi + Pl) 

{UaUb + 2VcU''V(aUb) + VcU'^VdU'^VaVb + ^i?2afc - ]^H2abVcU''VdU'^), (108) 

P2 + {P2+P2)02 - (Pl +Pl)(u"Wa +faW''ri) - (pi +PiKm'' -pi = 0, (109) 
Pj + P2 + (P2 + P2)l'c2/' + (Pl + Pl)Wcy' = 0, (110) 
H2a[(.P2 + P2)Vc + (Pl +Pi + (pi +Pl)ri)Uc + (pi +Pi)Mc + ^2c(Pl +P2);b] = 0. (Ill) 

We can use the 1 + 1 + 2 decomposition of the tensor Pab given in Eqs. ([68| - (|75p to write these equations in 
terms of the irreducible parts of Pab- 

6 Conformal Matter Collineations 
6.1 Timelike Conformal Matter Collineations 

Here we give the necessary and sufficient conditions for the timelike CMCs of the two perfect fluids for the 
following cases: 

(i) ^'^ = (u", (ii) = ^y"- 

Proposition 6: A two perfect fluid admits a CMC = if and only if 

(P2 - Pl)[Ua - {ln£,),a - Ua(\TL£)] + (p2 + P2){u''VcU'^VdUa + U^VcVa) + (p2 + P2)iVcU''Va 
+ 2VcU''u''-VdUa + U^VcVa + VcifVa + VcU^Vduf^ + 2UcV''u'^VdUa + 2{\ll ^)VcU''u''-VdUa 

+ {\n^)VaU''Vc + UcV''udV'^{ln()^a) = P{P2 + P2){VcU''Va + VcU'^VdU'^Ua) , (112) 

2 12 1 • . 2 J, 

Pl + 2P2 - gP2 + -^(Pl +P2)6'l + g(p2 + P2)VaU°-VbU + -(p2 +P2)(l'aU" + VaU^VbU 

2 11 

+VaU''VbU^ + U^VailnCl + ItaV^f fcu'' (hi ^)) = /3(pi + -p2 - -p2 + -{p2 + P2)UaV'' UbV^) , (113) 

2(pi -P2)(ln0 - (pi +Pl)6li + (p2 +P2){u°-Va+UaV°-Ti+2VaU''Vbv!' + 2u''Vav!'Vb{hlC) 

+ 2Vaif'Vbu') + (P2 + P2)u°-VaU'vb + (p2 + P2)v''Ua = /3(pi - P2 + (P2 + P2)u"- V Vb) , (114) 
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+ 2{p2 + P2)[V{aVb} + VcU^Vf^aUb) + V(aUb)VcU'' + VcU'^VdU'^UaUb - ^hiabV cU" V dU*^ + VcV/^aU^ 

+VcU''vduf(^^Ub) + Vcifv(aUb) + VcU''vdu''-UaUb - ^hlabiVcU" + Vcifvdu'^) + V (ai'^Tl ,b) 

+ u''Vc{h\S)vi^aUb) + WcW''WdW'*W(a(lnO,6) + VcU'^VdU'^ {IVLS^UaUb ~ ^hiab{v cU" {h\ 
+VcU'^VdU'^{\TL^))] = /3(p2 + P2){VaVb + 2VcU''u^aVb) + V V dU''' U aUb 

+ ^hiab - '^hiabVcU'^VdU'^). (115) 

The energy conservation equation (|46p remains the same 

Pi + [pi + Pl)Ol - {p2 + P2)u°'Va -P2~ [P2 + P2)v'^Ua - {p2 + P2)UaV°-Ti = 0. (116) 

If we take a = in the above relations we get result for the matter coUineation. We can use the 1 + 3 
decomposition of the tensor Pab given in Eq. ((43|) - (|46)) to write these equations in terms of irreducible parts of 

Pab- 

Proposition 7: A two perfect fluid solution admits a CMC = if and only if 

P2 + {P2 + P2)02 - (Pl + PljV^ila - Pi - {Pl + PljV^Ua - {pi + Pl)UaV''T2 = 0, (117) 
{Pl - P2)[Va - (InC).a - 'fa(lnC)] + {Pl + Pl){u''VcU'^VdVa + U^VcUa) + [pl + Pl) 
X^ilcV^Va + 2UcV''u'^VdVa + U^VcUa + UcV^Ua + VcU^Udvf^ + 2v u"^ V dV a + 2(ln^) 

VcU'^u'^VdVa + {In^ivaU^Uc + UcV'^UdV'^ (In ^) ^a) = P{Pl + Pl) X (VcU^Ua + V ^u" V du'^ V a) , (118) 

2 12 1 ■ 2 

P2 + gPl - gPl + -^{Pl +P2)02 + g(Pl + Pl)VaU''vbu'' + -{pi + pi){UaV'' + UaV^VbU^ 

2 11 

+UaV''Vbv!' + U°Wa(lnO + UaV^VbU^ [In C)) = /3(p2 + gPl - gPl + g(/5l + Pl)UaV'' Ubv"") , (119) 

2{P2 - Pl)(lnO - {P2+P2)02 + {pl +Pl) X (v-^Ua + UaV°'T2 + 2UaV''Vbu'' + 2u''WaU^Wb(ln 

+ 2lia«"w&W^) + iPl + Pl)u''Vau''vb + {pi + Pl^Ua = P{p2 - Pl + {pi + Pl)u''Vau''vb) , (120) 

{pi +Pl)iUaUb + 2VcU''u(^aVb) + VcU'^VdU'^VaVb + -/l2a6 " ■^h2abVcU''VdU'^) + 2{pi +P2)o'2ab 

+ 2(pi + Pl)[U(^aUb) + UcV''V(a.Ub) + U(aVb)VcU'' + UcV'^VdU'^VaVb - ^h2abUcV''VdU'^ + UcU(aV%) 

+VcU''udvf(^^Vi,) + UcV''V(a.Ub) + UcV'^VdU^'-VaVb - /l2afc ("c'S'' + U^v'^VdU'^) + u'^VcU^ai'^nC) M) 

+u''Vc{\n^)u^^a^Vb) + VcU''vdU'^V(^a{^n(,) + VcU'^VdU''- {In ^)VaVb - ^h2ab{VcU''{\n£,) + VcU''vdU'^{'in£,))] 

= P{pi +pi){UaUb + 2VcU''U(a_Vb) + ^/i2a6 + V^u'^VdU'^VaVb - ^h2abVcU''VdU'^) ■ (121) 

We can write these equations by using the 1 + 3 decomposition of the tensor Pab given in Eqs. (|49)) - (|52)) . 
6.2 Spacelike Conformal Matter Collineations 

The necessary and sufficient conditions for the timelike CMCs of the two perfect fluids are given for the following 
two cases: 

(i) e = (ii) e = 

Proposition 8: A two perfect fluid spacetime admits the CMC — ^x" iff 

(Pl - P2)* + {P2 + P2)*VaU''Vbu'' + 2(p2 + P2)vyVbu'' + 2(pi - P2)u''Xa " (p2 + P2)v'' X aVbu'' 

= /3[(P1 - P2) + ip2 + P2)VaU''Vbu''], (122) 
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(pi +P2)K + (lnC),a - (lnO*^a) - 0, (123) 

{P2+P2)* - 2(pi + P2)ei + 2(pi + Pl)u'^Xa + 4(p2 + P2)XcV'' - {P2 + P2)*VaU'^Vbu'' 

-2{p2 + P2)vlu''VbU^ + 2{p2 +P2)VaU''v^Xb = /3(p2 - P2 - 2pi - {p2 + P2)v Vkv!") , (124) 
{P2 + P2){v*u''Va + 2v*u''vdu'^Ua + UcV'^V^ + XcV'Tg^Vdu'^ + 2x V du'^ U a + XcV^Va) 

+ 2{pi -p2)u}lafX^ + {pi +P2)Nia = f3{p2 + P2){u''VcVa + u" V cU'^ V dU a) , (125) 
{P2+P2)* + 4(P1 + P2)(ln 0* + 2(/52 + P2)XaV'' - {P2 + P2T VaU'^V^v!' + 2(pi + ^2)^! 

-2(p2 +P2)w>%w'' + 2(p2 +P2)VaU''v^Xk - /3(p2 + P2 - {p2 + P2)VaU''VbU^) , (126) 

(P2 +P2)*(WaWb + 2VcU''V(^aUb) + VcU'^VdU'^UaUb + ^Hiab - ^HiabVcU^VdU"^) + 2{pi +P2)Siab 

+ 2{p2 + P2)iV(aVb) + «c"'''"(Q"b) + V*u''vdU'^UaUb + VcU''v*^Ub) - HiabV*u''vdU'^XcV''vi^aUb) 

-XcV'^VdU'^UaUb - XcV(^aV-b) " VcU''XdU(^avfb) + ^Hiab{XcV'' + XcV'^VdU'^) = /3(p2 + P2){VaVb 

+ 2VcU''V(aUb) + VcU'^VdU'^UaUb + ^Hiab - ^HiabVcU'^VdU'') , (127) 

Pl + {pi +pi)ei - {p2+P2){v''Ua+VaU''T2) - {p2 + P2)VaU'' - P2 = 0, (128) 
P*l+P*2 + iPl +Pl)UcX'' + {P2 + P2)VcX'' = 0, (129) 
H^aiiPl + PlW + {P2+P2 + {p2 + P2)t2)Vc + {p2 + P2)Vc + h\^{pi + P2):b] ^ 0. (130) 

These equations can be written in terms of the irreducible parts of Pab using the 1 + 1 + 2 decomposition of the 
tensor Pab- 

Proposition 9: A two perfect fluid spacetime admits the CMC i^" = iff 

(P2 - Pl)* + (Pl + PlYVaU^VbU^ + 2(pi +pi)ulv''Vbu'' + 2{p2 ^ Pl)v'' V a " (pi + Pl)u''VaVbu'' 

= /3[(P2 - Pl) + (Pl + Pl)VaU''VbU% (131) 

(Pi +P2)[2;: + (lnO,a - {lnO*ya) = 0, (132) 

(Pl + Pl)* - 2(pi + P2)£2 + 2(p2 + P2)w''2;a + 4(pi + Pl)2/aM" " (pi + Pl)* VaU'^Vbu'' 

-2(pi + pi)ulv''vbu'' + 2(pi + pi)vau''u''yb = /3(pi - Pi - 2p2 - (pi + Pi)waW°Wf,u^), (133) 

(pi + pi){u*v''Ua + 2u*v''vdU''-Va + UcV^U^ + y cU'T^V du''' + 2ycU''VdU''-Va + ycU^Ua) 

+ 2(p2 -pi)uJ2aSV^ + (Pl +P2)A^2a = P{pl + Pl){u''VcUa + u'^VcU'^VdVa), (134) 
(Pl +Pi)* +4(pi +P2)(lnO* +2(pi +pi)2/aU'' - (Pl +Pl)*VaU''vbu'' - 2{pi +P2)e2 

-2(pi + pi)ulv''vbu'' + 2(pi + pi)vau''u''yb = /3(pi + pi - (pi + pi)vau''vbu''), (135) 

(Pl +Pl)*(Ua"6 + 2VcU''V(^aUb) + VcU'^VdU'^VaVb + -H2ab - ■^H2abVcU''VdU'^) + 2{pi +P2)S2ab 
+ 2(pi +pi)(u*^Ufc) + ulv^V^aUb) + ulv'^Vdu'^VaVb + DcW''u*aWh) - H2abulv''vdu'^ - VcU^ydV^aufb) 
-ycU^V^aUb) - ycU[aU%) " VcU'^Vdu'^VaVb + ]^H2ab{ycU' + ycU^Vdu'^) = /3(pi + Pl){UaUb + 2t;cU''w(aU6) 

+VcU''vdu'^VaVb + -i?2a6 - -j^H2abVcU''vdu'^) , (136) 

P2 + (P2 +P2)6'2 - (Pl +Pl)(u"Wa +t'aW"Ti) - [pi + pi)VaU°' - pi = 0, (137) 
PI + P2 + (P2 + P2)i'c2/' + (Pl + Pl)UcV^ = 0, (138) 
H2a[{P2+P2)Vc + (Pl +Pl + (pi +Pi)ti)Uc + (pi +Pl)Uc + /t2c(Pl +P2);b] = 0. (139) 

We can use the 1 + 1 + 2 decomposition of the tensor Pab given in Eqs. ([55)l -(l75 p to write these equations in 
terms of the irreducible parts of Pab- 

7 Outlook 

This section contains a summary and discussion of the results obtained. We have studied two types of 
collineations for the combination of the two perfect fluids. We have derived conditions for the existence of 
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CRCs and CMCs. In terms of the kinematic quantities of the vector fields, these conditions are used to calcu- 
late kinematical effects. Using the kinematic and the dynamic equations, we have obtained the set of equations 
under the symmetry assumption. For the physical system, the full set of equations is the set of these equations 
plus the Einstein field equations and any other equations for the extra fields or other geometrical identities. In 
the case of timelike CRCs and CMCs, we have found five conditions for the two perfect fluids. In the case of 
spacelike CRCs and CMCs, we have obtained nine conditions. In the following, we discuss some special cases 
of the fluid spacetimes. 

1. When either pi = = pi or P2 = ~ P2, the conditions of timelike CRC become 

((pi+32Ji-2A)^u'^);a = -/3(/5i 

-3pi + 4A), (140) 

{pi + 3pi - 2A)[Ua - (lnO,a - dlUa] 

^ 2/3{pi + A)ua, (141) 
(pi-pi + 2A)ai,fc = 0. (142) 

These are the same conditions as for the timelike CRC perfect fluid [IT]- 

2. If pi = = p2, this reduces to the case of two dusts. 

3. If we substitute pi — pi and p2 ~ P2 in the two fluids, the respective conditions reduce to the conditions of 

stiff matter. 

4. For pi = 3pi, p2 ~ 3p2 we have the radiation case. 

5. When pi ~ — pi, P2 ~ ~P2, it gives a dark energy component. 

Similarly, we can classify spacelike CRCs. 

If we take either pi = = pi or p2 = = p2, the conditions for the existence of timelike CMCs become 



Pi + (pi+Pi)e-0, (143) 

Pi(^ia-(lne),a-«a(lnO) =0, (144) 

3pi + 2pi0i -3/3pi, (145) 

2pi(Jiab = 0, (146) 

2pi(lne)-pi0 = /3pi. (147) 



These are the conditions for a perfect fluid already available in the literature [14'. Similarly, we can write 
down the conditions for the timelike and spacelike CMCs two dust, stiff matter, radiation, and dark energy 
component. It is interesting to note that if we replace ^(pi + 3pi — A) by pi, ^(p2 + 3p2 — A) by p2 and 
\ [pi ~ Pi + A) by pi , i (p2 — P2 + A) by p2 and vice versa, then we can obtain the conditions of CMCs from 
CRCs and vice versa. Also, it is important to note that the results obtained in the case (i) for the two perfect 
fluids (in terms of Ua and Xa) can be modified for the case (ii) by substituting Va and ya instead of Ua and Xa- 
It is worth mentioning that when a = 0, the conditions for the existence of CRCs and CMCs in all the cases of 
the two perfect fluids reduce to the conditions for the existence of RCs and MCs, respectively [l4l I17j . 
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